A g-circulant matrix of order n is defined as a matrix of order n where each row is a right cyclic shift in g−places to the preceding row. Using number theory, certain nonnegative g-circulant real matrices are constructed. In particular, it is shown that spectra with sufficient conditions so that it can be the spectrum of a real g-circulant matrix is not a spectrum with sufficient conditions so that it can be the spectrum of a real circulant matrix of the same order. The obtained results are applied to Nonnegative Inverse Eigenvalue Problem to construct nonnegative, g-circulant matrices with given appropriated spectrum. Moreover, nonnegative g-circulant matrices by blocks are also studied and in this case, their orders can be a multiple of a prime number.
introduction
A permutative matrix is a square matrix where each row is a permutation of its first row. A circulant matrix is a matrix where each row its a right cyclic shift in one place of the previous one. A g−circulant matrix is a matrix where each row its a right cyclic shift in g−places of the previous row. Circulant matrices and g-circulant matrices are permutative. An n-tuple of complex numbers, Σ = (λ 1 , λ 2 , . . . , λ n )
is said to be realizable by a nonnegative matrix A of order n if its components are the eigenvalues of A. The Nonnegative Inverse Eigenvalue Problem (NIEP) is a problem to determine necessary and sufficient conditions for a list of n complex numbers to be realizable by a nonnegative square matrix A of order n. If the list Σ is realizable by a nonnegative matrix A, then we say that A realizes Σ or it is a realizing matrix for Σ. Some results can be seen in [9, 10, 11] . This very difficult problem attracted the attention of many authors over the last 50 years, and it was firstly considered by Suleȋmanova in 1949 (see [26] ). Some partial results were obtained but it is still an open problem for n ≥ 5. In [14] the problem was solved for n = 3 and for matrices of order n = 4 the solution can be found in [19] and [20] . In its general form it was studied in [2, 6, 7, 12, 13, 14] . When the non-negative realizing matrix A is required to be symmetric the problem is designated Symmetric Nonnegative Inverse Eigenvalue Problem (SNIEP) and it is also an open problem. It has also been a problem that had called much attention, see for instance, [4, 7, 15, 25] . Another variant of this problem is to find lists of n real numbers that can be lists of eigenvalues of nonnegative matrices of order n and it is called the Real Nonnegative Inverse Eigenvalue Problem (denoted by RNIEP). Some results can be seen, for instance, in [7] . The structured NIEP is an analogous problem to NIEP with the difference that the matrix that realizes the list is structured. For instance, the matrix can be symmetric, Toeplitz, Hankel, circulant, normal, permutative, etc., see [1, 4, 7, 15, 18, 22] and the references cited therein. In this paper we deal with structured matrices, in particular, permutative, circulant and g-circulant matrices. To study the spectrum with sufficient conditions in order that it can be the spectrum of a nonnegative permutative matrix allows us to answer the question if there exist sufficient conditions so that this spectrum can be realizable by a type of permutative matrix and at same time realizable by another type of permutative matrix. The paper is organized as follows: In Section 2 we introduce some known results about g−circulant matrices and we prove some others; in Section 3 the spectrum of certain g−circulant matrices and the answer to the previous question is presented. It is also studied certain cases of g−circulant matrices that can be reconstructed knowing all its diagonal elements. Additionally, the case when the g-circulant matrix is reconstructed from its Perron root and its n − 1 diagonal elements is also studied. In Section 4 sufficient conditions in order that a given g−circulant spectrum can be taken as the spectrum of a nonnegative g−circulant matrix are given. Nonnegative g−circulant matrices with given spectrum are obtained. Moreover, g−circulant matrices by blocks are defined and their spectrum are studied. Sufficient conditions in order that a given set can be taken as the spectrum of a certain class of g−circulant matrices by blocks are studied. Nonnegative g-circulant matrices by blocks with given spectrum are obtained.
The following notation will be used. A square nonnegative matrix A is denoted by A ≥ 0. Σ(A) denotes the set of eigenvalues of a square matrix A.
The transpose of A is denoted by A T . The trace of A is tr(A). The set of invertible elements in the set of the residue classes congruence (mod n) will be denoted by U(Z/nZ). The set S n represents the symmetric group of order n. For integers a, b, mdc(a, b) denotes the greatest common divisor of a and b. The identity matrix of order n will be denoted by I n or just I if its order can be deduced by the context.
g-circulant matrices and some properties
Circulant matrices are an important class of matrices and have many connections to physics, probability and statistics, image processing, numerical analysis, number theory and geometry. Many properties of these matrices can be found in, for instance, [3] . In terms of notation, these matrices are perfectly identified by its first row and we just write C = C(c) = circ(c 1 , . . . , c n ).
Remark 1.
If the vector c is real, and if λ = (λ 1 , λ 2 , . . . , λ n ) is the vector of eigenvalues of C, it is possible to see ( [24] ) that if n is even then λ 1 is a real number and
We note that, in this case, λ n 2 +1 is a real number. Analogously if n is odd then,
holds.
In this section a generalization of circulant matrices is recalled, namely gcirculant matrices. Some known properties of these interesting matrices are pointed out and others are shown.
Definition 2.
[3] A g−circulant matrix of order n or simply g-circulant is a matrix in the following form:
· · · a n a n−g+1 a n−g+2 a n−g+3 a n−g a n−2g+1 a n−2g+2 a n−2g+3 a n−2g . . .
Here the subscripts are taken (mod n), as for the circulant matrices.
Remark 3. [3]
• If 0 < g < n, each row of A is a right cyclic shift in g-places (or it is a left cyclic shift in (n − g)-places) to the preceding row.
• If g > n a cyclic shift in g-places is the same cyclic shift in g ( mod n)-places.
• By convention if g is negative a right cyclic shift in g-places is equivalent to a left cyclic shift in (−g)-places. In consequence, for any integers g and g ′ , if g ≡ g ′ (mod n) then a g-circulant and a g ′ -circulant with the same first row are equal.
• If g = n − 1, a (−1)−circulant matrix is obtained.
Many examples of g-circulant matrices can be also found, (see [3] ). The entries of a g−circulant matrix can also be specified. Let A = (a ij ) 1≤i,j≤n , from [3] , A is a g−circulant matrix if and only if
where the subscripts are taken (mod n).
In an equivalent way, if A = (a ij ) is a g − circ (a 1 , a 2 , . . . , a n ) then
It results from the expression of the entries of a g-circulant matrix that if n is a prime number and 1 < g < n, a g-circulant matrix of order n, A, is symmetric if and only if g = n − 1. In fact, if A = (a ij ) = g − circ(a 1 , . . . , a n ) then a ij = a j−(i−1)g , 1 ≤ i, j ≤ n. Thus, A is symmetric if and only if a j−(i−1)g = a i−(j−1)g , 1 ≤ i, j ≤ n, which is equivalent to j − (i − 1)g ≡ i − (j − 1)g (mod n) and therefore (j − i)(g + 1) ≡ 0 (mod n) which gives the equality g ≡ n − 1. Let g > 0. From [3] , the g−circulant matrices of order n can be partitioned into two types, accordingly either mdc(n, g) = 1 or mdc(n, g) > 1. It is clear that all the rows of a g−circulant matrix are distinct if and only if mdc(n, g) = 1. In this case, the rows of the g-circulant matrix can be permuted in such a way to re-obtain a classical circulant matrix. The same reasoning can be done for columns. Here, if mdc(n, g) = 1, the unique solution of the equation gx ≡ 1 (mod n) will be designated as g −1 , [5] . Note that, from [3] , if A is a non singular g−circulant matrix then A −1 is a g −1 −circulant matrix. Let Q g = g − circ (1, 0, . . . , 0) . Note that Q g is a permutation matrix and is unitary if and only if mdc(n, g) = 1. The next result and definition can be seen in [3] .
Proposition 4. [3]
The matrix A is g−circulant if and only if A is of the form Q g C where C is a circulant matrix whose first row coincide with the first row of A.
Definition 5. [3]
A P D−matrix of order n is a matrix of the form
where P ν is a permutation matrix associated to ν ∈ S n and D is a diagonal matrix
The P D−matrices are also called monomials.
Remark 6. In [3] it was shown that, if S is as in (4), it is possible to calculate its characteristic polynomial from the decomposition of the matrix P ν . In fact, let P ν = R * diag(P θ 1 , P θ 2 , . . . , P θm )R, where R is a permutation matrix, ν is decomposed into m disjoint cycles of order θ j and P θ j is the permutation matrix of order θ j , 1 ≤ j ≤ m. The eigenvalues of S = P ν D are the totally of the θ j −th complex roots
where
, be the Discrete Fourier Transform matrix, where
Proposition 7. Let n be a positive integer such that mdc(n, g) = 1. Then, the square matrix A of order n, is a g-circulant matrix if and only A = F Q g −1 DF * where D is a diagonal matrix and F is the Discrete Fourier Transform matrix.
Proof. Recall that that F is unitary. Therefore, we need to prove that
If A is g-circulant, by Proposition 4, A = Q g C where C is a circulant matrix. As C = F DF * , and
* , which proves the result. The entry ij from the matrix on the left side of the equality is:
On the other hand, the entry ij on the right side of the equality is:
which proves the result. The spectrum of A is:
and the spectrum of C is:
As in U(Z/5Z) the muitiplicative inverse of 2 is 3 we have
has the same eigenvalues of A.
Characterizing the spectra of certain g-circulant matrices
In this section is determined in an explicit way the spectrum of a subclass of real g-circulant matrices. The next definition, is crucial here.
Definition 9.
[28] A permutation matrix of order n is called primary if and only if the associated permutation is a cycle of length n.
The next result is from [28, Theorem 5.18 ] is important and also recalled: Theorem 10.
[28] A permutation matrix is irreducible if and only if it is similar by permutation matrices to a primary permutation matrix.
Theorem 11. Suppose that mdc(n, g) = 1. Let W be a submatrix of order n − 1 such that
then W is a primary permutation matrix if and only if
Proof. Firstly it easy to see that the permutation ν that defines the matrix Q g is given by:
or, in another way, if k = 1,
Thus, the submatrix W is the matrix associated to the following permutation:
Therefore ν is a permutation with only one cycle of length n−1 if for ℓ 1 = ℓ 2 ,
that is equivalent to the condition in (7).
Corollary 12. Let n be a prime integer and suppose that mdc(n, g) = 1. Let W be a submatrix of order n − 1 as in (6) . Then W is a primary permutation matrix if and only if
Proof. From (7) we have
As g is invertible in Z/nZ, the element g ℓ 1 is also invertible, therefore the previous equation is equivalent to
which is clearly equivalent to the condition in (8).
Example 13. Consider that n = 11 and g = 7. Therefore, the residue classes modulus 11 of the powers of 7 with exponent between 1 and 9(= n − 2) are given in the table: Thus, the condition (8) holds and then W is primary. In fact, let 
The eigenvalues of W with 4 decimal places are in the set:
Σ (W)= {±1.0000, −0.8090 ± 0.5878i, −0.3090 ± 0.9511i, 0.3090 ± 0.9511i, 0.8090 ± 0.5878i} .
Corollary 14.
Let n and g integers such that n is prime and mdc(n, g) = 1. Let W be a submatrix of order n − 1 as in (6) . Then W is a primary permutation matrix if and only if the cyclic subgroup spanned by g in U(Z/nZ) has order n − 1, that is, if and only if g is a cyclic generator of U(Z/nZ).
Proof. The matrix W is a primary permutation matrix if and only if the condition (8) holds and therefore, if and only if, the powers in U(Z/nZ)
are pairwise distinct. This leads to the fact that the condition in the statement must hold.
Corollary 15. Let n and g integers such that n is prime, g < n and mdc(n, g) = 1. Let W be a submatrix of order n − 1 as in (6) . Then, W is a primary permutation matrix if and only if ∀1 ≤ d < n − 1,
Proof. As the order of the set U(Z/nZ) is n − 1, and the order of the cyclic subgroup generated by y ∈ U(Z/nZ) is a divisor d of n − 1, [5] , if the condition (10) holds then, the order of the cyclic subgroup generated by g must be n−1. Thus, by Corollary 14 the matrix W is a primary permutation matrix. Reciprocally, if W is a primary permutation matrix, by Corollary 14 the cyclic subgroup generated by g ∈ U(Z/nZ) has order n − 1 implying that the statement holds.
Example 16. At Example 13, n − 1 = 10 and the positive divisors of 10, strictly less than 10 are 1, 2, 5. Recall that g = 7 and now we have: Therefore 7 is a cyclic generator of U(Z/11Z). Note that 3 5 ≡ 1 (mod 11). Then 3 is not a cyclic generator in U(Z/11Z).
Theorem 17. Let n and g integers, such that n is prime, g < n, mdc(n, g) = 1, W is a submatrix of Q g as in (6) , and g is a cyclic generator of U(Z/nZ).
Let A and C real square submatrices of order n, where A is g-circulant and C is circulant, repectively, such that
where Q g is as in (6) . Then, the eigenvalues of A are in the set
, and λ 1 , λ 2 , . . . , λ n−1 2 are the eigenvalues of the circulant matrix C.
Proof. As W is a primary matrix, it is invertible with primary inverse W −1 . Moreover, the matrix (
From Remark 6 and Proposition 7 the eigenvalues are the (n − 1)-th roots of the product of the last n − 1 eigenvalues of C. Therefore, from Remark 1 for the case of real matrices A and C respectively, and n odd, the eigenvalues are displayed into conjugated pairs and therefore the product of the n − 1 eigenvalues is as presented at the statement of the theorem.
Corollary 18. Let n be a prime integer and g 1 and g 2 two cyclic generators of U(Z/nZ). Let C be a circulant matrix of order n and, consider the following two g 1 -circulant and g 2 -circulant matrices of order n, respectively, A = Q g 1 C and B = Q g 2 C. Then A and B have the same eigenvalues. In particular, if g 2 = (g 1 ) −1 , the g-circulant matrices Q g 1 C and Q g
C have the same eigenvalues.
Remark 19. It is clear that the spectrum in (11) doesn't have the sufficient conditions to be the spectrum of a circulant matrix as it doesn't have the conditions of Remark 1, in the odd case.
Reconstructing certain g-circulant matrices from its diagonal entries
In this section we show that for a certain n and g, a g-circulant matrix its completely determined by its diagonal entries.
Remark 20. Note that the vector of the diagonal entries of the matrix in (2) is the vector Υ (A) = a 1 , a n−g+2 , a n−2g+3 , . . . , a n−(ℓ−1)g+ℓ , . . . , a g T .
Moreover, a 1 = a n−0g+1 and a g = a n−(n−1)g+n .
Theorem 21. Let n be a prime integer and let g < n be a cyclic generator of U(Z/nZ). Let Φ (A) = (a 1 , a 2 , . . . , a n )
be the vector corresponding to the first row of a g-circulant matrix A. Then
.
Proof. For the subscripts of the diagonal elements of A, we note that
The former condition does not hold because ℓ − k ≤ n − 1 < n and the latter condition also does not hold as well because g is strictly less than n. Then, the diagonal entries of the g-circulant matrix A in (2) are a permutation of the first row of A. Then, the difference (mod n) between two consecutive subscripts of the vector in (12) is 1 − g, and (14) holds.
Remark 22.
From the previous theorem we can say that for a given n prime and g a cyclic generator of U(Z/nZ) and, for a vector with n given numbers b = (b 1 , b 2, . . . , b n ) , a g-circulant matrix A can be constructed in such a way that its diagonal elements are the elements of b. Additionally, if in b, one of the coordinates is unknown but the greatest eigenvalue of A, say β 1 , is known then, a g-circulant matrix A whose diagonal entries are the elements of b and whose greatest eigenvalue is β 1 can also be constructed. This last fact is due to the conditions for n and g, the tr(A) coincide with β 1 which allows to obtain the unknown coordinate of b. 
which verifies the equality in (14) . We can conclude, in this case, that given the diagonal elements, the first row of the g-circulant matrix (and in consequence all the remaining entries of the g-circulant matrix) can be obtained using the relation in (14) as this relation means that
An inverse eigenvalue problem for g-circulant matrices
The spectra of certain classes of permutative matrices were studied in [17, 18, 23] . In particular, spectral results for matrices partitioned into symmetric blocks of order 2 were given. Using those results, sufficient conditions in order that a given list can be taken as the list of eigenvalues of a permutative matrix were obtained and the corresponding permutative matrices were constructed. In the light of these results in this section, we present sufficient conditions in order that a list Λ can be taken as the spectrum of a class of g-circulant matrices that are a class of permutative matrices. Moreover, results on real circulant, real g-circulant and matrices partitioned into blocks are given and some results obtained in [1] are reviewed. Additionally, sufficient conditions for certain lists to be realizable by a class of permutative matrices are shown.
Some results revisited
We recall here the definition of permutative and γ-permutative matrices presented in [18] and [22] , respectively. Moreover, some useful results used in the sequel will be also presented.
Definition 24.
[22] A square matrix of order n with n ≥ 2 is called a permutative matrix or permutative when all its rows (up to the first one) are permutations of its first row.
The next definition was introduced in [18] .
Definition 25.
[18] Let γ = (γ 1 , . . . , γ n ) be an n-tuple whose elements are permutations in the symmetric group S n , with γ 1 = id. Let a = (a 1 , . . . , a n ) ∈ C n . Consider the vector,
and the matrix
A matrix A of order n, is γ-permutative if A = γ (a) for some n-tuple a.
Definition 26. [18, Definition 8] If
A and B are γ-permutative by a common vector γ = (γ 1 , . . . , γ n ) then they are called permutatively equivalent.
The class of circulant matrices and its properties were described in [8] .
Let p be a prime interger and a = (a 1 , a 2 , . . . , a p ) a p-tuple of complex numbers. We recall here the definition.
Definition 27. [8]
A real circulant matrix is a matrix of the form
The spectrum of circulant matrices was also characterized in [8] . In fact, for c = (c 1 , . . . , c p ) and
and
where the entries of the discrete Fourier transform F = (f kℓ ) are:
with
. Note that, by Remark 1, c 1 , ..., c p are real numbers if and only if λ 1 ∈ R and
Moreover, if c is defined as before and Λ = Λ(c) = (λ 1 (c) , λ 2 (c) , . . . , λ p (c)) then,
In [1] , using a result from [27] for matrices partitioned into blocks and into circulant blocks, the following spectral result was presented.
Theorem 28.
[1] Let K be an algebraically closed field of characteristic 0 and suppose that C = (C(i, j)) is an np × np matrix partitioned into p 2 circulant blocks of order n where for
where, if ω is as in (5), then ∀1 ≤ k ≤ n,
The next result is a direct consequence of (19) . , v) ). Then, the matrix C in (20) is nonnegative if and only if the matrix
where ω was defined as in (5) is nonnegative and, in this case the matrix S 1 is nonnegative.
Construction of nonnegative g-circulant matrices given its spectrum
The following problem is considered:
Problem 30. Let β 1 ∈ R and β 2 > 0 real numbers. Let p be an odd prime number and g a cyclic generator of U(Z/pZ). Let
Consider the list
Find a real matrix g-circulant matrix A whose set of eigenvalues are the components of Σ.
The answer to this problem is constructive and it is presented in the following result.
Theorem 31. Let p > 2 be a prime number. Suppose that g is a cyclic generator of U(Z/pZ). Let ϕ be the p − 1 primitive root of the unit defined as in (23) . Consider the list given in (24) and let us define the auxiliary list
where τ is defined in (18) . Then if C is the real circulant matrix whose eigenvalues are the components of Σ ′ then A = Q g C is a real g-circulant matrix whose eigenvalues can be ordered as the components of Σ in (24) .
Proof. Firstly observe that if
Then by Theorem 17 and (26) , the list of eigenvalues of A is the one given in (24 ) . Note that the list that is used to define the circulant matrix C in (25) is a pair conjugate list as in [24] and therefore the matrices C and A are real matrices.
Theorem 32. Let p be a prime integer and consider g a cyclic generator of U(Z/pZ). If
then there exists a nonnegative g-circulant matrix A of order p such that its eigenvalues are those from the list presented in (24) . Let a = 0.1429, and b = 5.1429. Again, using MATLAB we obtain the 3-circulant matrix a a a a  a a a a b a a  b a a a a a a  a a a b a a a  a a a a a a b  a a b a a a a  a a a a a Note that only the greatest eigenvalue doesn't have modulus 5 and −5 corresponds to the element 5ϕ 3 of the given list.
5.3. g-ciculant matrices partitioned by blocks Definition 35.
[1] A partitioned matrix into blocks is called permutative by blocks when its row blocks are permutations of the first row block.
Theorem 36.
[1] Let C be the matrix partitioned into blocks defined in (20) . For 1 ≤ k ≤ n, let S k be the class of matrices connected to C as defined in (22) . The matrix C is permutative by blocks if and only if the matrices S k are pairwise permutatively equivalent.
Definition 37. We say that the matrix partitioned into blocks A = (A ij ) 1≤i,j≤p where each block A ij is n × n and p is an odd prime number, is a g-circulant matrix by blocks if
where the subscripts are all considered congruent (mod p). In this case, all the blocks of A depend only from its first row block. Considering its first row blocks as A 1 , A 2 , . . . , A p we have
We will denote A as
Suppose that the first row of blocks of A are p circulant matrices of order n and let
By Theorem 28 it was shown that
where (see [23] )
We will give an answer to the following problem.
Problem 38. Let p be a prime integer and consider g a cyclic generator of U(Z/pZ). Let ϕ as in (23) . Given the set
where ∀1 ≤ k ≤ n, β 1k ∈ R and β 2k ≥ 0 with β 11 ≥ β 21 ≥ 0, that is the union of the n spectra of the real g-circulant matrices S k of order p, being S 1 nonnegative, find the real g-circulant matrix by blocks A such that
The following result will present sufficient conditions to obtain nonnegative g−circulant by blocks matrices having a set like B as its spectrum.
Theorem 39. Let p be a prime integer and consider g being a cyclic generator of U(Z/pZ). For 1 ≤ k ≤ n, consider B k = {β 1k , β 2k , β 2k ϕ, . . . β 2k ϕ p−2 } where ∀1 ≤ k ≤ n, β 1k ∈ R and β 2k ≥ 0 with β 11 ≥ β 21 ≥ 0. Let B = ∪B k . Let S 1 , S 2 , . . . , S n be g-circulant real matrices of order p, such that Σ(S k ) = B k , ∀1 ≤ k ≤ n. Moreover, suppose that
and that B 1 verify the conditions of Theorem 32, and that
Then B is the spectrum of a nonnegative g-circulant matrix by blocks.
Proof. Using Theorem 31, with the given sets B k , g-circulant matrices of orders p can be constructed. Let S k , 1 ≤ k ≤ n be those matrices. Following the Theorem 28, the referred sets are the spectra of the g-circulant matrices S k ∀1 ≤ k ≤ n. Then, matrices L k as in (23) can be constructed.
As the g-circulant matrices S k are permutatively equivalent, in fact they are g-circulant, therefore the matrix L k is also g-circulant. It should also be noted that from Remark 29 the matrices L k must be real and therefore the equality S n+2−k = S k , 2 ≤ k ≤ n, must hold. In fact, it comes from the equality in (29). Moreover, S 1 is nonnegative as the spectrum B 1 verifies the condition of Theorem 32 that is valid by hypothesis. In the general case, in order that the g-circulant matrix by blocks becomes nonnegative, all the matrices L k in (23) must be nonnegative. Therefore we obtain the condition (30).
Remark 40. Taking into account Theorem 32, ∀1 ≤ k ≤ n S k = g − circ (β 1k − β 2k , β 1k + (p − 1) β 2k , β 1k − β 2k , . . . , β 1k − β 2k ) , denoting L k = g − circ (h 1k , h 2k , . . . , h pk ) , and using the identity in (30) we obtain In consequence, the condition
is an equivalent condition to (30).
